
Int. J. Solids SITKclllres, 1972, Vol. 8. pp. 895 to 906. Perpmon Press. Printed in Great Britain

HIGH FREQUENCY VIBRATIONS OF PIEZOELECTRIC
CRYSTAL PLATES

R. D. MINDLIN

Department of Civil Engineering. Columbia University. New York. N.Y.

AbstI'ad-Two-dimensional equations of motion of piezoelectric crystal plates are obtained by retaining early
terms of power series expansions of the mechanical displacement and electric potential in a variational principle
for the three-dimensional equations of piezoelectricity.

INTRODUCTION

THERE have been two previous formulations of two-dimensional equations of motion
of piezoelectric crystal plates applicable to frequencies as high as those of the fundamental
thickness-shear modes. In the first [1], the reduction of the classical equations of piezo­
electricity from three to two dimensions was based on an approximation involving the
early terms of series expansions of the mechanical displacement and electric potential in
powers of the thickness coordinate of the plate. Only flexure, thickness-shear and thick­
ness-twist modes were taken into account. The equations were extended, subsequently [2],
to include the face-extension and face-shear modes (the "contour" modes) in a treatment
based on power series expansions of the mechanical displacement and electric displace­
ment. In the present paper, equations of somewhat simpler form, including the flexure,
thickness-shear, thickness-twist and contour modes, are obtained by means ofpower series
expansions of the mechanical displacement and electric potential. The derivation em­
ployed is a revision (to introduce a variational principle) and an extension (to include the
electric field and the thickness modes) of one devised by Cauchy [3] to deduce the classical
equations of low frequency vibrations of anisotropic plates (flexure and contour modes
only) from the three-dimensional equations of elasticity. The two-dimensional equations
are derived in condensed form for the triclinic crystal, but they are displayed in detail for
the case of the rotated- Y-cuts of quartz-the crystal cuts most widely used for resonators
at the present time. Shear correction factors, of the type employed by Bresse [4] and Timo­
shenko [5] in the theory of beams, are introduced and their values are determined by
equating the thickness-shear frequencies obtained from the two- and three-dimensional
equations [1].

THREE-DIMENSIONAL EQUATIONS

The three-dimensional equations of piezoelectricity, from which the two-dimensional
equations are to be deduced, follow.

The field equations are
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Di,i = 0, (1)
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where the 1';j' uj and Dj are the components of stress, mechanical displacement and electric
displacement, respectively, and p is the mass density.

The constitutive equations are

(2)

where the e/jkl , ek/jand G/j are the components ofelastic stiffness, piezoelectric strain constant
and dielectric permittivity, respectively, and the Sij and E; are the components of strain
and electric field-expressed in terms of the u/ and the electric potential cp by

S.. = t(u. ·+U· )I] .... }.l I.} , (3)

Combining (lH3), we have the equations governing the U j and cp:

(4)

These equations may be derived from the following variational principle: in a region V
bounded by a surface S, with outward normal D,

Jf'l dtf. (K-H)dV+ f'l dt f (tj 6uj+0'6cp)dS = 0 (5)
10 V 10 oJs

for independent variations of the uj and cp between fixed limits at times to and t1 • In (5),
K is the kinetic energy density:

and H is the electric enthalpy density (the energy density less E,D;):

H = !C,jk/SIjSk/-!Gift/Ej-e/jkE/Sjk

so that

1';j = oH/oS/j , D/ = -oHloE,.

Also, in (5) tj is the surface traction and 0' is the surface charge. We have

J fl' K dt = fll pUj bUj dt = [puj 6uj]:~ - f' pU j JUj dt = - f' pU j 6uj dt,
to ~ ~ ~

J Iv H dV = Iv [(oH/oSIj) c>SIj+(oH/oE;) JE/] dV = Iv (1';j t5uj,/+Di t5cp) dV

= f. [(T. C>u.) .- T . . c>uj+(D. C>Ln) .- D· . c>m] dVIJ J ,I I),t I .,... ,I 1,1 't'
V

= f n/(1';j c>uj+D/c>cp)dS- f. (1';j,/6uj+D/./Dcp)dV.
s v

Hence, (5) becomes

J/' dt f. (1';j,/- puj) c5uj+ Dj ,/ lJcp] dV + fl' dtJ(tj -ni1';) lJuj+(O'-n,D/) lJcp] dS = 0,
10 V 10 S

from which follow the natural boundary conditions

(6)
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or, alternatively, specification of surface displacement II and surface potential ip:
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cp = ip on S (7)

and the field equations (1) as Euler equations which, with (2) and (3), produce the equations
(4) on the u, and cpo

SERIES OF TWO-DIMENSIONAL EQUATIONS

The plate is referred to rectangular coordinates Xi with the faces, of area A, at x2 = ±b
and with Xl and X3 the coordinates of the middle plane which intersects the right cylin­
drical or prismatic boundary of the plate in a curve C. We assume that the mechanical
displacement and electric potential can be approximated by power series in x 2 :

U - "X"U(")I-£.. 2 i ,
II

(8)

where ullt) and cp(II), n = 1,2 ... k, are functions of Xl' x3 and t only. Then, from (8) and (3),

Sij = I ~.s1jl,
II

where

~'!) = .l[u~II!+u~It!+(n+l)(o. U(II+1)+0 .11"+ 1»]
IJ "2 J.I '.J ,2 j 2J I ,

E - "'x" rnllli - L..J 2L i ,
II

(9)

(10)

We have now to reduce the variational principle (5) to two dimensions. Consider,
first, the surface integral and separate it into integrals over the faces and the cylindrical
boundary:

Is (tjouj+uocp)dS = Is n,{7; j ouj+Di ocp)dS

=II [~(T2jO~")+D20cp(lI)]~bdA
II A

where the index a ranges over 1 and 3 only and s is the coordinate measured along the curve
C. Define face-tractions T}"), face-charges D(II), edge-tractions t(II) and edge-charges (/")
according to

T(II) -B-1[ "T)b
j - II X 2 2j -b' D(II) = B- 1[X" D ]b

II 2 2 -b'

where

BII = 2b211 + 1/(2n + 1).
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Also, define
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H = fb Hdx2.
-b

Then the variational principle (5) becomes the two-dimensional one: for independent
variations JU}") and ~cp(lI) between fixed limits at to and t 1 :

~ ftl

dt f (X - H) dA + ftl

dt f L Bn(T~") JU~") +D(n) Jcp(n») dA
to A to A II

+ ftl

dt" r. BII(~") ~U~") +ti") Jcp(.») cJs = O.
to Yc II

For the kinetic energy density K, we have

X = tp fb Ul~j dX2 = tp fb (r. x'2U~'"») (r. ~U~II») dx: = tp r. r. B_u~'")u~"),
-b -b m II m II

where

(11)

Bmn = 2b"'+II+l/(m+n+l),

and Bmn = 0 for m+n odd. Further,

m+n even

or

f't flI
~x dt = -'- p r. r. B••ay·) ~u~·) dt.

to to m "

As for the electric enthalpy density n, we have

~H = fb ~Hdx2 = fb (T;j~Sij-Di~EI)dx2
-b -b

or, with (9),

~H = fb r.~(T;jb~j)-DlbE1·»)dx2 = L('l1j)bSW-~")bE1·»),
-b II II

where 'l1j) and DI") are the components of stress and electric displacement of order n :

'l1j) = fb xi T;j dx2, DI") = fb xiDI dx2.
-b -b

Upon substituting (10) into (13), we have

bH = r. {'l1j)[bu~~l +(n + 1)«5/2 ~U~"+ 1)] + ~")[bcpl")+(n + 1) bcp(lI+ oJ}
II

= r. nj) <5u~")+ D1") bcp(II»),i- L [('l1j~1 -nTl;j-l») bU~")+(Dtl-nf)li-l)) bcp(II)],
II n

(12)

(13)
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I
lJR dA == " Ln"cr;,1 (),/'t +D';,") ()rp("» ds

A jc "

899

-f L [(71j~i-nrc;j-1)lJu<r+(DI~l-nD~-1) ()(,O(II)] dA. (14)
A "

Inserting (12) and114) in (11), we arrive at the series form ofthe two-dimensional variational
equation:

"I'I dtI (11,,).-nT"-1)+B r<,")-p~ B il(!"») {),l")dA.t." i},. 2j "J .t." - J J
"'0 A III

+ Li" dtf (Dl~1- n])<;-1) +B"D(ft» ()rp(") dA
"'0 A

+ LI"dt" [(BAft)-n"~1){)u~ft)+(B"dl")-n,,D';,"»{)rp(")]ds== 0,
II 10 jc

from which follow the field equations, in A,

11'!). - nT" - 1)+B r<,") == p" B il(.III)
IJ.' 2j " J .t." "''' J '

III

and boundary conditions

....e,,) ... B ..III)
n"l;'j II') , n"D';,") == B"dl") on C.

Alternative boundary conditions are prescribed displacements itt and prescribed poten­
tials cpt") on c:

u(.ft) == jj<."),
J J

(,0(11) == cpt") on C.

The constitutive equations of order n are obtained as follows:

71j) == f" x'i~jdx2 == f" x~(cijkIS",-e"i"Ek)dx2 == I" LX~x'i(CjjklSl.j)-ekj~:»dx2'
-II -II -II '"

whence,

TW == LB","(cjjklSl.j)-e"ijE1"'»,
III

Dl"> == L B_(eijk~'J:) +BjAIII».
III

(15)

TRUNCATION OF SERIES AND ADJUSTMENT

The process of truncation of the series and adjustment of the remaining terms begins
with the discard of the strains and electric fields of order higher than the first, leaving
S\J>, SUI, E\O), EP> which contain the zero, first and second order mechanical displace­
ments, u~o>, u~1), U~2) and electric potentials, (,0(0), (,0(1), (,0(2>, some of which will be eliminated
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subsequently. However, at this stage the constitutive equations (15) reduce to

1'1J) = 2b(cjjl"S1:?) - ekifi~O», D1°) = 2b(ejjkSlji) +ejjE0°»,

'7"/l}_Zb3( <'II) E(I» nll)_2b3( <'11)+ l:'Il»
1 Ij -"3 Cjjklolkl -ekjj k' Vi -! ejjkoljk eijLj

(16)

(17)

and these are derivable from the electric enthalpy density

H - b( <'10)<'10) nO)l:'IO) 2 l:'IO)<'I0»+tb3( <'11)<'11) l:'Il)l:'I1) 2 nl)<'I1)
- Cijkloljj olkl -eijLi L) - ejjkLI ol)k Cjjklollj olkl -eijLj Lj - ejjkLi ol)k

according to

(19)

(18)

n = 0, 1.'7"/11) _ ;lH/::l<'lll' nlII) _ ;lH/::lE(II)
1 Ij - U u"'ij' Vi - - U U i ,

Next, following Cauchy (3], we neglect the velocity u~1) in the kinetic energy density, and
provide for free development of the strain Sl2°1( == U~I» by setting ]"12°1 = 0 in (16). Thus,

]"12°1 = 2b(C22klS1:?) - ek22E1°» = O.

Add c2222Sl2°1 to each side of (18) and divide by C2222 :

<'10) _ <"101/ <'10) E(O)/
ol21 - -C22klolkl C2222 +"'22 +ek22 k C2222 ·

Now, add and subtract Cjj22Sl2°1 to the expression for 1'1J) in (16):

(2b) - I1'1J) = (CijklS1:?) - Cij22Sl:!D +Cjj22Sl2°1-ekjjE1°). (20)

Finally, substitute the expression for S<Z°1, given in (19), for the Slzol outside the parentheses
in (20), to obtain

'7"/0) 2b(- <'10) - nO»
1 Ii = Cijkl"'kl - ekijLk , (21)

where

Note that, in (21), T~ol is now zero and Sl20i (==u~l}) is no longer present.
The first order terms are treated similarly except that all three velocities U~2) are neg­

lected in the kinetic energy density and free development of the three strains SlN is ac­
commodated by setting TW == 0 in (17). When so many components of stress are to be
set equal to zero, it is simpler to start with expressions for the strains in terms of the stresses.
To do this. first define elastic compliances, S'jlcl' and piezoelectric strain constants, d,jIc'
according to (6]

where llIUII<l is the fourth rank unit tensor. Then multiply the formula for 1'1J), in (17), by
sijmll to obtain

Sijmll1'1]> = tb3(S<":~-dkmllEI/»·

In (22), set ]"IzY = 0, q>(2) = 0, so that we may write

sal1cd71}) = tb3(~~)-dCabE~l),

(22)

(23)

where the subscripts a. b, c, d range over 1 and 3 only. Now, solve the three equations (23)
for the three independent T~}):

TW = tb
3 AaI1cJ~}) - decd~l1))/lsal1c~' (24)
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where the determinant IS"Mdl is given by

Sl1l1 S3311 S1311

IS"Mdl = SI133 S3333 SI333

and A"bcd is the cofactor of S"Md in IS"MJ. The expression (24) may be written in the form

901

(25)

where

The constants ~~d are Voigt's [7] constants Ypq ' p, q = 1,3,5.
At this stage, an electric enthalpy density that produces the stresses 71Jl in (21) and

T~V in (24) is

H- - b(- r/Olr/O) E(OIE(O) 2- E(O)S(O))
- Cjjkl->ij ->;d - eij i j - ekij k ij

+tb3(C~d~~)S~~1-e"bE~1)E~I) - 2e~~~1 1S<~))

and this form also fixes DIO) and D~I I through

DIO) = -oH/oEIO), D~ll = -oH/oE~ll.

The final adjustment is made by introducing shear correction factors analogous to those
employed in beam theory by Bresse [4] and Timoshenko [5]. The thicknesNhear strains
SC2°i and SC20J are replaced by "1~20i and "38<2

0j in the electric enthalpy density, where "I

and "3 are correction factors whose values may be chosen in such a way [1) that the im­
portant thickness-shear frequencies have the correct values, thus compensating, in part,
for the omission of terms of higher order in the series expansions. The final form of the
electric enthalpy density is, thus,

H = b(cIJJ,~J)Slt~) - eiAolE)01 - 2e~~)El.°l~J»)

+tb3(C~~~VS~~1 - e"bE~llE~ll- 2e~~~E~llS~~))

where

and Jl. and v are the powers

Thus, Kf+ j -2 (or "Z+I-2) is equal to "1' "3 or unity according as i+j (or k+l) is 3,5 or
neither, respectively.

RECAPITULAnON

The equations and variables remaining, after truncation of the series and adjustment
of the terms retained, are

Kinetic energy density
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Electric enthalpy density

H - b(c(O) C'fO)<'IO) _" .1<'(O)E(O) _ 2e(0)E(0) <'1O»
- ij/dolij "it "'I';--i j kli k "Ii

+.1b3(c(1) ('(1)~1} -s E(1)E(1) _ 2e(l) J;'(1)S!l)j
3 .~ab ed ab a b a~a be'

Strain-displacement relations

S1J) = 1<u~~· + ul~ + b'2U~l) + <>2 i ul1), ~~) = t(u~~~ + u~~~).

Electric field-potential relations

EjO) == -q>~?)-Ji2q>(1), E~1) == -q>~2).

Constitutive equations
'7'10) _ ·:lH/:l<'lO) _ 2b( ..to) <'10) _10) r:o{O»
J Ij - U Uollj - cijlltolir.I - I:itij£ic ,

~l) = OH/OS!l) == lb3(~1) ('(l)_e(1)r(1})ab all"J aMd"ed eab""e'

D1°) == -oH/oEt,°) == 2b(el,JiSl-j1)+B,jE:r)

[jl) == -iJH/iJ£l.l) == lb3(e(1)S!l)+s }:;il»a a 3 aM lie ab""all'

Variational principle

f' dtf (K-H)dA+ f' dtf [2b(T~O)<>u~0)+D(O)bq>(0»+tb3(T~I)Ju~l)+D(l)Jq>(1»]dA_ A _ A

+ fl' dt! [(2bt~0)- na~~) JU}O) + (2bd(O) - naD~O» Jq>IO)] ds
10 Ye

+ fll dt! [(fb3~1)-naTJ» Ju~l) +(tb3tJ<1)-naD~1»Jq>Il)]ds == O.
10 Ye

Field equations
r~).+2bTl.O) = 2bpu~0)

1101 J J

DlO
i
) + 2bDlO) == 0

I.

~1) _ nO) +1.b3T!l) == 1.b3pUII)aII.a211 3" b "3 b

~~~-Dl20)+tbJD(1) == O.

Edge conditions
n ~~) == 2br..O) or u(.O) == Ul.Ola aJ J J J

na1)l,,°) == 2btJ<0) or q>(0) == iPIO)

n ~l) == tbJt,I) or u~1) == ~1)a ab b
n [jl) == jb3tJ< l l or q>(1) == iP(1)a a

Equations on ul.O) u(1) m lO) (/'Ill)
) , iii 'T'" ,..,...

dO)/ul°) +<5 ull»+e(~){/'I(O! + ~.O) == pUla)
.jJ(.fI. /r,1i 2/ t, I "'iT' ./r, J i

e(~)(U<°).+J .U(I )-s..m«O)+D(O) == 0
kli i,kl 21 J.k 'JT.I}

e(1) u(l) +e(1)m(l)-3b- 2[c(0) IU(O)+<5 •.(I»+~O)m(O)+e\0) m(l)]+T!l) == pa1. l )." /I,ea eallT' .ea 211kl\ l,It 2k'" a2b.,..... 2211.,.. b b
e(1)u(l) -s m(1 )_3b- Z[e(Z)(u(0)+<5 u(1)-e m(O)-s m(l)]+D(l) == 0eab b,ea be.,.. ,M 21J' J.I 21 i a:z.,.. ,a 22.,.. .
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APPLICATION TO ROTATED-Y-CUTS OF QUARTZ

After performing the summations over repeated indices in the preceding equations,
it is convenient to employ the abbreviated notation in which a pair of indices, ij or kl, is
replaced by a single index, p or q, ranging over 1-6 according to [6]

ij or kl = 11 22 33 23,32 31,13 12,21

P or q = 2 3 4 5 6
Then

C(1) .... y
ijkl pq'

1
Spq if i = j, k = I,

Sljkl .... !spq if i =j, k ::I: 1 or i::l: j, k = I,

is,. if i ::I: j, k ::I: I,

{
dkP if i = j,

dk ·· ....
'J !titp if i ::I: j.

For the rotated- Y -cuts of quartz, many of the constants are zero. If x I is the digonal
axis in the plane of the plate [8] :

CIS = C16 = C2S = C26 = C3S = C36 = C45 = C46 = 0,

SIS = S16 = S2S = S26 = S3S = S36 = S4S = S46 = 0,

e21 = e31 = e22 = en = e23 = e33 = e24 = e34 = elS = el6 = 0,

d21 = d 31 = d 22 = d32 = d23 = d 33 = d24 = d34 = diS = d l6 = 0,

6 12 = 6 13 = o.
The equations on u(o) u(1) m(O) m(1) then reduce to

J ' Q ,.." ,..."
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e(1)u(1) +e(llu (l) +(e(ll +e(1»)u(I) -8 ",(1) -8 ",(1)
11 1.11 35 1,33 13 35 3.13 11"".11 33"".33

In these equations,

ell = CI1 -Cf2/C22

(;33 = C33 -C~3/C22

(;44 = C44 -C~4/C22

Y11 = 533/(511 533-5f3)

Y33 = 511/(5 11 533-5:3)

ell = ell -eI2cl2/c 22

e13 = e13 -e12C23!C22

e14 = e 14 -e12c 2JC22

Y13 = -513/(511533 -5: 3)

Yss = 1/5S5

eW = d 11 Y11 +d13Y13

eW = d 11Y13 +d13Y33

eW = d35YS5'

Note that the primes employed by Sykes [8J are omitted here.
It remains only to fix the values of the shear coefficients /(1 and /(3' This is done [lJ by

equating the thickness-shear frequencies obtained from the two-dimensional equations
(26H32) to the corresponding frequencies obtained from the three-dimensional equations.

In (26H32), set all spatial differential coefficients equal to zero. The last three equations
then reduce to

(33)

(34)

(35)

It may be seen that the thickness-shear displacement ui1) is coupled to the electric field,
but u~1) is not. In the former case, a thickness-shear vibration may be driven by an alter­
nating voltage Ve iW

' applied to electrode films deposited on the faces of the plate: Then, if
the two films are alike; the surface conditions are

",] = + V eiw,.,.. ±b - ,

where 2p'b' is the mass per unit area ofeach electrode film. Accordingly, in (33) and (35),

where R( =2p'b'/pb) is the ratio of the mass per unit area of both electrode films to the mass
per unit area of the plate. If we set

we find, from (33),

(36)
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Hence, resonance occurs when

w2 = 3,,~c66jpb2(1 + 3R), ("1 with electrodes) (37)

and the surface charge, off resonance, is obtained from D(1) in (35):

D2]~" =jb2D(1) = 2b- l ("le26A-£22V) ei<Dl,

where A is given in (36).
In the absence of electrode films, the traction and charge on the faces are zero, i.e.

TIl) = 0, D(1) =°
in (33) and (35). Then with

cp(1) = B eicor,

(33) and (35) become

("iC66-tpb2W2)A+"le26B = 0,

"le26A-£22B = 0,

from which, by elimination of A and B,

w2 = 3"i~66jpb2 ("1 without electrodes)

where

(38)

~66 == C66+ e~6j£22'

In the case ofthickness-shear in the x 3-directioD, (34) applies. When there are electrode
films, we set

and find

w2 = 3"~C44jpb2(1 +3R) ("3 with electrodes). (39)

In the absence of electrodes, Ti) = °and (34) yields

w2 = 3J(~c";pb2 ("3 without electrodes). (40)

The four frequencies given in (37H40) are to be equated to the corresponding frequen­
cies obtained from the three-dimensional equations (4) and boundary conditions (6) or
(7).

For thickness-shear in the xl-direction, the pertinent solutions of the three-dimensional
equations are given by Bleustein and Tiersten [9]. For

R == 2p'b'jpb « 1,

they find, for the plate with electrodes,

w2 = x2e66(1- R -4ki6/X2)24pb2

and, without electrodes,

(41)

(42)
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Hence, equating (41) and (42) to (37) and (38), respectively, we have, for R « 1, k~6 « 1,

Ki = (1t2/12X1 +R - 8ki6/1t2) (with electrodes)

Ki = 1t2/12 (without electrodes).

For thickness-shear in the x3-direction, the solution of the three-dimensional equations
is described in [10]. For R « 1, the frequency is found to be, after correcting an error in
equation (43) of [10] ;

(43)

where

C3 = HC22 +C44 -[(C22 -C.w)2 +4ci4]t}.

Without electrodes, the corresponding frequency is [11]

w2 = 1t2c3/4pb 2
• (44)

Hence, for R « 1, we have, upon equating (43) and (44) to (39) and (40), respectively,

Ki = (1t 2/12)(1 +R)c3/C44 (with electrodes)

Ki = (1t2/12)c3/c44 (without electrodes).
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AGc:Tpaacy-npHBO.II.IITCIi .ll.ByXMCpHWC ypaBHCHMII ,ll,BHlII:CHMII nIoC1OJJlCKTpH'ICClCMX KPHCTllJIJ1M'lCCKHX

nnaCTKHOIC, nYTCM coxpaHcHHII nepawx awPIllll:CHHA B paJJlOlll:CHHIIX B cTcncHHWIt pll.ll.. ,II,JlJI MCXaHH'lCCItOro

nepcMcUJeHHII H lJ1eKTpH'IecKoro nOTetfl.lHaJta, B aapMaUHoHKoM npHHUltnc ,II,J111 TpCXMCpHWX ypaBHeHHA

nloCl01J1CItTPH '1HOCTH.


